Cosmological perturbation spectra from SL(4,R)-invariant effective actions 
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We investigate four-dimensional cosmological vacuum solutions derived from an effective action 
invariant under global SL(n,R) transformations. We find the general solutions for linear axion field 
perturbations about homogeneous dilaton-moduli- vacuum solutions for an SL(4,R)-invariant action 
and find the spectrum of super-horizon perturbations resulting from vacuum fluctuations in a pre- 
big-bang scenario. We show that for SL(n,R)-invariant actions with n > 4 there exists a regime of 
parameter space of non-zero measure where all the axion field spectra have positive spectral tilt, as 
required if light axion fields are to provide a seed for anisotropies in the microwave background and 
large-scale structure in the universe. 
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I. INTRODUCTION 

The pre-big-bang scenario proposed by Gasperini and 
Veneziano (!]] is an alternative model for the very early 
evolution of our Universe which assumes that its initial 
state was a low-energy, weakly coupled, vacuum state. 
Such a regime is well described by the low-energy string 
effective action which admits two separate branches, la- 
belled (+) and (— ), for vacuum solutions of the scale 
factor in four-dimensional Fricdmann- Robertson- Walker 
(FEW) cosmologies (|]. The (+) branch corresponds to 
a weakly coupled dilaton in a cold, flat universe in the 
t — > — oo limit. For t — ► we have pole driven super- 
inflation propelled by the dilaton kinetic energy term, 
with a positive Hubble parameter, H and a singularity 
in the future. The (— ) branch corresponds to a large spa- 
tially flat universe with positive H, but decelerating and 
can be smoothly joined to a conventional radiation dom- 
inated universe at late times. The (+) and (— ) branches 
are related to each other by a string symmetry called 
scale factor duality but there is still no compelling 
dynamical model of the "graceful exit" from the (+) to 
the (-) branch §gj. 

In the absence of a complete theoretical understand- 
ing one may still hope to find observational evidence, 
such as the spectrum of primordial fluctuations that 
could be generated during the dilaton-driven pre-big- 
bang phase JBj , in order to test the scenario against more 
conventional inflation models. Metric perturbations are 
produced on super-horizon scales during the pre big bang 
have a steep "blue" spectrum, strongly tilted towards 
small scales || . This offers the interesting possibility that 
there might be a detectable background of relic gravitons 
on Laser Interferometric Gravitational wave Observatory 
(LIGO) scales |?],|| and a related population of primordial 
black holes [pi. However these metric perturbations are 
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far from the almost scale-invariant (Harrison-Zel'dovich) 
spectrum of adiabatic density perturbations naturally 
produced by conventional slow-roll inflation models |Tc| ] 
and leave effectively no metric perturbations on astro- 
physical scales during the pre-big-bang era. 

Instead it has been proposed JO]] that a cosmic back- 
ground of massless axion fluctuations could generate 
the observed anisotropies in the cosmic microwave back- 
ground temperature at large angular scales and provide 
a seed for large-scale structure formation p]-|l3| . A pre- 
big-bang era can produce almost scale invariant spectra 
of fluctuations in axion fields |p^-|l6| {5a 2 ) cx k An with 
An « 0, where k is the comoving wavenumber. These are 
isocurvature perturbations to first-order, but assuming 
the axion field remains effectively massless in the subse- 
quent post big bang era, these fluctuations give rise to a 
spectrum of density perturbations at horizon crossing (ill] 
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where k s is the comoving scale leaving the horizon at the 
end of the pre-big-bang phase. A slightly "blue" spec- 
trum, An as +0.1, may be consistent with Sp/p ~ 1CP 5 
on astrophysical scales (k ~ I0 30 fc s ) for a present-day 
string coupling g 2 — ~ 10 -2 . 

The low energy string effective action compactified 
down to four-dimensions includes a dilaton and axion 
field, related by an SL(2,R) symmetry. In the absence of 
all the other moduli fields are fixed during the pre-big- 
bang phase then it is found that for an SL(2,R) action, 
with one axion field, the spectral index is fixed to be 
An = — 2V2 + 3 = —0.46. The addition of a single mod- 
uli field gives a spectral index for the axion in the range 
—0.46 < An < 3 which allows scale-invariant or blue 



spectra |14 
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The many moduli fields present in any low-energy ef- 
fective action will have specific symmetry properties in- 
herited from the higher dimensional theory and the de- 
tails of compactification. For instance, the inclusion 
of Ramond-Ramond (RR) fields presents in the type 
II string theories increases the number of degrees of 
freedom in the four-dimensional effective theory and in 
Rcf. [JL7| it was shown that the RR f-form and 3-form 
field strengths, with a single modulus field determin- 
ing the size of the 6-torus, combine with the Neveu- 
Schwarz-Neveu-Schwarz(NS-NS) dilaton and axion to pa- 
rameterise an SL(3,R)-invariant non-linear sigma model. 
The symmetries of this action can place constraints on 
the allowed spectral indices. For an SL(3,R) action jfjj, 
with two moduli but three axion fields, the range for each 
spectral index was the same as for the single axion case 
(—0.46 < Arii < 3, i = 1,2,3), but there was no point 
at which all the spectra had An^ > 0. This poses a 
threat to the pre-big-bang scenario as all the perturba- 
tion spectra have the same normalisation at the string 
scale (Sp/p ~ e^) and if one axion field always has a red 
spectrum (An, < 0) then there would be unacceptably 
large density fluctuations on large scales. 

In order to study whether this remains a problem in 
larger symmetry groups with more moduli and axion de- 
grees of freedom we will study the spectrum of cosmolog- 
ical perturbations generated in fields which parameterise 
an SL(4,R) non-linear sigma model in the low-energy ef- 
fective action. The presence of a global SL(n,R) symme- 
try is a completely general consequence of dimensional 
reduction from D + n to D dimensions [p^P], We will 
investigate the perturbation spectra generated in axion 
fields at late times or large scales from vacuum fluctu- 
ations at early times or small scales in a pre-big-bang 
era, and discuss whether these might be compatible with 
an almost scale invariant spectrum of small primordial 
density perturbations. We will show that perturbation 
spectra with An > for all fields are indeed possible 
in models whose scalar fields parameterise an SL(n,R) 
group where n > 4. 



II. SL(iV,R) INVARIANT ACTIONS 

We begin with a discussion of the representation of the 
most familiar SL(2,R)-invariant effective action is string 
theory, and how we can extend this to provide a repre- 
sentation of larger SL(rt,R)-invariant effective actions. 

The NS-NS sector of string theory contains the dila- 
ton, </>, graviton, Gab, and 2-form potential, Bab, and 
is common to both heterotic and type II string theories. 
The low energy effective action is 
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where a' is the inverse string tension and H = 
dB is a 3-form field strength. Considering the sim- 
plest Kaluza-Klein compactification on a static six- 
torus, the ten-dimensional line element has the form 
ds\ — e^g^dx^dx" + 8 a bdy a dy b , where g^ v is the four- 
dimensional metric in the Einstein frame and S a b is the 
Kronecker delta-function. In four-dimensions the 3-form 
field strength is dual to a one-form written as the gradi- 
ent of a pseudo-scalar axion field, *H = e^Vcr, and the 
four-dimensional effective action is then j^] 



S = 
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where k 2 = 8irG. Solutions to the equations of motion 
from this action respect the invariance of this action un- 
der an arbitrary global SL(2,R) transformation [2(i| l 
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where A = a + ie~"^ and the real parameters a, f3, 7 and 
5 obey the constraint aS — (3j = 1 . 

In order to extend the effective action to larger sym- 
metry groups it is convenient to re-write the action Eq. 
(0) in terms of the symmetric matrix 
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which parameterises the SL(2,R)/U(1) maximal coset of 
SL(2,R). The SL(2,R) transformation in Eq. (|) is given 
by M 6M9 T where 
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Any member of SL(2,R) obeys the relation M T JM = J 
where 
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and hence, using the expression T JO — J we can show 
that the line element 
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dS 2 = -Tr(JdMJdM) = d<f) 2 + e 2lt> da 2 
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is invariant under the global SL(2,R) transformation 
M -> 6A/e T . Thus the effective action Eq. (|) written 
in the form 
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R+ - Tr (VMVAf- 1 ) 
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is manifestly invariant under global SL(2,R) transforma- 
tions. More generally the action for scalar fields param- 
eterising an SL(n,R)/SO(n) non-linear sigma model can 
be written as 
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where U n is a symmetric SL(n,R) matrix. This action is 
invariant under the global transformation U n — > QU n <d T 
where is a member of SL(n,R). 

We can build a symmetric SL(3,R) matrix U, from the 
SL(2,R) matrix M in the following way HO: 



17 = 



e^M e^Mcr 



(9) 



where ^ is a modulus field and the two additional degrees 
of freedom are the components of the 2x1 vector 
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The SL(3,R)-invariant trace of the 3 x 3 matrix V(7VC/ _1 
which appears in the effective action is 

Tr (\7UVU~ 1 ) = Tr (VMVM -1 ) 

-6 (Vi/) 2 - 2Tr (e 3u Va T AfVo-) . (11) 

More generally, the same method can be used to con- 
struct an SL(n + 1,R) matrix U n +i from an SL(n,R) ma- 
trix U n , where 
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L U n a n 



e"" +1 c/„' U n e"™"+i + e v ^a n J U n a n 
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In addition to the fields in the SL(n,R) matrix U n , the 
SL(n+l,R) matrix (7„+i includes an additional modulus 
field v n+ i and n additional axion fields contained in the 
n x 1 vector cr„. This is sufficient to define our represen- 
tation of the SL(n,R)/SO(n) coset starting from U\ = 1. 
Thus the SL(n,R) matrix U n contains n — 1 moduli and 
n(n — l)/2 axions in total. 

The SL(n+l,R)-invariant trace of the (n+ 1) x (n + 1) 
matrix Vt/n+iVC/n+i -1 which appears in the effective 
action [see Eq. (pi)] can be calculated iteratively as 



Tr (VU n+1 VU n+1 - 1 ) = Tr (V^VC/^ 1 ) 



+ (-n 2 - n) (Vw„+i) 2 
-2Tr (e^+^^Va^UnV^) 



(13) 



III. SL(4,R) DILATON-MODULI-VACUUM 
COSMOLOGIES 



We first investigate the homogeneous dilaton-moduli 
vacuum solutions where we set <7, =constant. The form 
of the dilaton-moduli solutions are invariant under a con- 
stant shift of the axion fields, so without loss of generality 



we set &i — 0. This amounts to setting to zero the off- 
diagonal terms in the SL(n,R) matrix. Thus we have the 
vacuum SL(2,R) matrix (putting <f> = v 2 ) 



U 2 ^ 







e~ V2 

and the SL(3,R) matrix given in Eq. ([)]) becomes 
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while, from Eq. (12), an SL(n+l,R) matrix is given in 
terms of an SL(n,R) matrix as 



C/ (0) - 

u n+l — 



e v ^U { n ] 



(16) 



The trace of VC/1 0) \7U n ° V 



for a vacuum SL(n,R) ma- 



trix, using Eq. (|l3|), is 

n 

Tr (yU^VU^ 1 ) = -^(7-l)(V^) 2 . (17) 

i 

Substituting this into the SL(n,R)-invariant action, 
Eq. (JsJ) , we can now write down the effective action for 
vacuum SL(4,R) 
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We will assume that the external four dimensional 
spacetime is a spatially-flat FRW metric, with the line 
element 



ds 2 = a 2 (77) (— CI77 2 + dx 2 + dy 2 + dz 2 



(19) 



and scale factor, a(r)), where 77 is the conformal time. 
The effective action in Eq. (18) can then be written for 
homogeneous dilaton-moduli fields as 



a I 2 o 2 I 2 " 2 I 2 



1 2 a 
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where a prime denotes differentiation with respect to 77. 
We use the Euler-Lagrange equations derived from this 
action to calculate the equations of motion related to this 
action. The resulting evolution equations for the dilaton- 
moduli fields in a FRW metric are 
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(24) 



3 



subject to the constraint equation (from general relativis- 
tic invariance under time-reparameterisation) 



(7) = h ( 6U4 ' 2 + 3V3 ' 2 + V2 ' 2 ) ■ 



(25) 



Substituting Eq. ( |25| ) into Eq. ( J2 1| ) yields a second- 
order equation for a(ry) which can be integrated twice to 
obtain 



a*|?7| 



(26) 



where a* is one integration constant, and we have used 
our freedom to choose a = as the origin for the time 
coordinate r\ in order to eliminate the other constant of 
integration. Equation (26) is the standard solution in the 
Einstein frame for a spatially flat FRW cosmology with 
free scalar fields. In terms of the proper time t = J adr) 
we have a oc l^ 1 / 3 , which describes a non-accelerating 
expanding universe for t > 0, or an accelerating contrac- 
tion for t < 0. It is this phase of accelerated contraction 
that is the basis of the pre-big-bang scenario . 

Equations (|22| ) to (|2~i| ) can now be integrated using the 
solution for a(rj) in Eq. (|26| ) to give 



C, 



(27) 



where Ci are constants of integration, i — 1 ... 3. This 
allows the constraint equation ( |25| ) to be rewritten in the 
form 



CI 
3 



Cl + 2C\ = 1 



(28) 



The constants of integration Ci/\/3, C% and V2C3 can 
be interpreted as points on the surface of a sphere. It is 
therefore convenient to move to spherical coordinates 



C\ I v3 = cos £1 , 

C-2 = sin £1 cos £ 2 , 
V2C3 = sin£i sin ^ 2 , 



(29) 



where the constraint is automatically satisfied and the 
new constants of integration are < £1 < tt and < 
6 < 2tt. 

Using Eq. ( |26| ) in Eqs. ( |27| ) gives monotonic power 
law solutions for V4, v% and i>2- 



£ v 4 , |^|sin£i sin£ 2 /\/2 
I sin {1 cos £2 



e v2 = e^.^jVa cos 6 
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where v^, and «2* are constants of integration. 
Dilaton-moduli-vacuum solutions related by SL(3,R) 
transformations JlSj are recovered by setting £2 = 0, 
while for £2 = and £1 = or 7r we recover dilaton- 
vacuum cosmological solutions related by SL(2,R) trans- 
formations [|22]|. 



IV. AXION PERTURBATIONS 

It is known ]6|,p3[| that inhomogeneous linear pertur- 
bations in the dilaton and other moduli fields about the 
homogeneous FRW solutions given by Eq. ( p6| ) have the 
general solution Sv-i = Zo(\kr]\), where Zq is any lin- 
ear combination of Bessel functions of order zero, in- 
dependent of the various integration constants that ap- 
pear in the solutions in Eq. (|30|). In the pre-big-bang 
scenario this solution inevitably leads to a cosmological 
spectrum of vacuum fluctuations steeply tilted towards 
small scales, with essentially no perturbations on super- 
horizon scales HH . If the pre big bang scenario is to pro- 
duce any observable perturbations on large scales it must 
be through vacuum fluctuations in the axion fields |T4| ] 
which are non-minimally coupled to the dilaton-moduli 
fields in the four-dimensional Einstein frame and hence 
sensitive to the integration constants that parameterise 
their evolution. 

Hence we will investigate inhomogeneous axion field 
perturbations about the dilaton-moduli vacuum solu- 
tions. We will calculate the field equations for these lin- 
ear perturbations including axion fields by constructing 
the effective action to second-order in the perturbations^. 
This is constructed iteratively using Eq. ( p7| ) as 

Tr (VlWiVtWr 1 ) = Tr (V^V^- 1 ) 

+ (-n 2 - n) (Vw n+ i) 2 
-2Tr(e(" +1 ) t, "+ 1 V^[/„(°)Vcx n ) , (31) 

where we can use the vacuum solution, Un , in the last 
term of the trace equation, in order to calculate the action 
to second-order in the axion fields. 

Expressions can be constructed from the initial 
SL(2,R) matrix Eq. (§) and we can therefore write the 
trace of VU^VU^ 1 for SL(3,R) to second order in the 
axion perturbations as 

Tr (VC/ 3 VC/3 _1 ) - Tr (Vl^VC^ 1 ) - 6 (Vi; 2 ) 2 

^Trfe^Vcr^^Vcr) . (32) 



Rewriting Eq. (j|) as 



Uo = 



die 



trie 

e -v 2 



(33) 



and then adding on the second order axion term with the 
vacuum case given in Eq. ([l7]) in the above expression we 
obtain |E1 



* Because a' t — in the background solution there is no met- 
ric back-reaction to lowest-order and the perturbations are 
automatically gauge-invariant 
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Tr (VC/gVt/g- 1 ) = -6(Vv 3 ) 2 - 2{\7v 2 f - 2e 2v2 (\Jo 1 f 
-2e 3v3+V2 (Va 2 ) 2 - 2e 3v3 ~ V2 (W 3 ) 2 , (34) 

while for SL(4,R) we have 

Tr (VL^Vt^ -1 ) = 
-12(Vu 4 ) 2 - 6(Vv 3 ) 2 - 2(Vv 2 ) 2 - 2e 2v2 {Va l f 
-2e 3v3+V2 {S7a 2 ) 2 ~ 2e 3v3 - V2 (Vcr 3 ) 2 - 2e iVi+V3+V2 (Vct 4 ) 2 
_ 2e 4 1 >4+^3-«2 (Vos) 2 - 2e 4t,4 - 2l,;j (Vct 6 ) 2 . (35) 



ai = e" 2 a , 

a 3 = e (3«8-» a )/2 a) 
S4 = e a»4+(w+« a )/a 0j 

a 5 = e 2v ^- v ^ 2 a, 



ft 6 



(44) 
(45) 
(46) 
(47) 
(48) 
(49) 



Substituting the solutions from Eqs. (|26|) and Q3C|) mto 
Eqs. @-© we obtain 



In the Einstein frame the action becomes 



S = ^ I d 3 x I dr] 
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2^ 
1 2 a 1 



« /2 o 2 /2 *J 2 /2 

ba — 3a w 4 a w 3 



2 2u 2 ' 2 1 2 Sv 3 +V2 ' 2 

-aw 2 ~2° e 1 ~2 a6 2 
-i a 2 e 3u3 -" 2 a 3 ' 2 - i a 2 e 4v * +V3+V2 <j 4 /2 

'- 2 4«4+» 3 -i;2 - / 2 _ 1 „2„4u4-2jj 3 _ '2 



--ae 



-ae 



0"6 



(36) 



We can now use this to derive the field equations for 
inhomogeneous axion perturbations evolving in the ho- 
mogeneous vacuum background solutions 

Sai" + (2— + 2vA Sai + k 2 &a x = , (37) 



Sa 2 " + f 2^ + 3u 3 ' + vA Sa 2 ' + k 2 Sa 2 = , (38) 
Sa s " + (2^- + 3v 3 ' - vA W + k 2 5a 3 = , (39) 
<W' + [2— + 4w 4 ' + u 3 ' + vA 5<Ji + k 2 Sa 4 = , (40) 



2- + 4< + u 3 ' - v 2 ' Sa 5 ' + k 2 Sa 5 = , (41) 



<W' + ^2— + Av 4 ' - 2u 3 M <W + k 2 da 6 = , (42) 

where k is the comoving wavenumber. Note that because 
the axion field is zero in the vacuum background solu- 
tion, their back-reaction upon the moduli fields and the 
four-dimensional space-time metric vanishes to first-order 
and the perturbations are independent of the spacetime 
gauge g. 

The field equations (|37j) to (^) can be written in the 
standard form for a free scalar field evolving in a FRW 
metric 



Oj (X \T)[ 



(50) 



where 

Pi = \/3cos£i 



Pi 



P3 



Pi 



P5 



V3 sin £1 cos + ^ cos £ 1 
a/3 I — ^ sin £1 cos 62 - ^ cos £ 1 



V3 



V3 . / 2^2 . 1 



COS £1 



— sm6 



2^2 



1 



1 



sin £ 2 + 77 cos £2 - - cos £1 



p 6 = \/3sin£i (-^Isin£ 2 - -^=cos£> 



(51) 



Equation (|43|) has the standard form for perturbations 
of a free scalar field evolving in an FRW cosmology with 
scale factor a^. Thus we can define the canonically nor- 
malised variables |24H 



1 



V2t 



a r 8<ji 



(52) 



which enables us to rearrange Eq. ( |43] ) in the form of a 
simple harmonic oscillator with time-dependent mass 



(-an 



0. 



(53) 



For a power-law expansion given by Eq. (pOj ) this corre- 
sponds to Bessel's equation 



(54) 



5a" + 2^5ai + k 2 5a t = 
a,- 



(43) 



with i = 1 ... 6, where we introduce the conformally 
rescaled scale factor, a,, in the corresponding "axion 
frame" @| 



Equation ( |54| ) has a standard solution 

Ul = |M 17 %, (IN) . 



(55) 



where Z Pi is any linear combination of Bessel (or Hankel) 
functions and for each axion field the order of the Bessel 
function is pi given in Eq. (pi 
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V. P RE-BIG-BANG PERTURBATION SPECTRA 

We will write the solutions of the Bessel equation in 
terms of Hankel functions so that a general solution of 
Eq. (pj) is given by 



\kr)\ 



1/2 



U + H \pi\ ' 



(1) 



(IN) 



u_H lPil W (\kr,\) 



(56) 



For wavelengths much smaller than the horizon scale 
(|fcn| ^> 1) the equation of motion Eq. (|53| ) reduces to 
that for a free-scalar field Ui in flat Minkowski spacetime 
with a well-defined vacuum state. Allowing only posi- 
tive frequency modes in a flat-spacetime vacuum state 
requires that 



-ikrj 



2k 



(57) 



The classic horizon problem of the standard hot big bang 
is that all modes start outside the horizon at the big bang 
(krj — ► 0) and so there is no reason to expect modes to 
start in this vacuum state. 

However in the pre-big-bang scenario all modes start 
within the horizon in the infinite past as rj — > — oo. As 
n — > 0_ on the (+) branch modes leave the horizon, giv- 
ing a well-defined spectrum of super-horizon perturba- 
tions in all fields, even though there is no inflation in the 
conventional sense (a > 0) in the Einstein frame. 

Allowing only positive frequency modes in a flat- 
spacetime vacuum state at early times (as kr\ 
i.e. large — n yields 



2%/fc 



,i(2| Pi |+l)7r/4 



0. 



-oo) 
(58) 



Therefore using Eq. (152) we can write 



Sai = K vJ el(2bd+1W4 ^ H U 1] (-**) 



(59) 



At late times on super-horizon scales (|fcn| <C 1) we have 

bi|-(i/2) 



5(Ti 



,i(2| Pi |+l)7T/4 



-r(N) 



—kr\ 



(60) 



The power spectrum for these axion perturbations is 
denoted by 



Vsc 



2tt 2 



\6<Ti 



(61) 



which represents the dispersion (Serf) due to fluctuations 
on comoving scales ~ fc^ 1 |l(J. It can be calculated from 
Eq. © to be 



(62) 
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FIG. 1. The spectral tilts, An^, for all six axion fields as a 
function of £i when £2 = 0. 



where the coefficient term 



C(\ Pi \) = 



2 3 / 2 r(3/2) ' 



(63) 



approaches unity for \pi\ =3/2. 

The spectral tilt of the perturbation spectra is defined 

by 



Am 



d\nV Sai 
dlnfc 



(64) 



It follows from Eq. ( p2\ ) that the spectral tilt for each of 
the axion fields is constant and takes the values 



An,; = 3 — 2\pi 



(65) 



where the pi are given in Eq. ( |5l| ) in terms of the two 
integration constants £1 and £2 which parameterise the 
dilaton-moduli vacuum background solutions. 

From Eqs. ( |65| ) and (|51J) it is then possible to find 
the spectral tilts as functions of the integration constants 
£1 and £ 2 . (See Figs. | and |.) The maximum absolute 
value for any pi is y3 and thus the minimum value of the 
spectral tilt for any axion field is An = — 2v3+3 = —0.46 
as found previously with SL(2,R) or SL(3,R) || 
symmetry groups. For any axion field the allowed range 
for the spectral tilt is 



2V3 + 3 < An, < 3 . 



VI. DISCUSSION 



(66) 



The amplitude of the axion power spectra at the end of 
the pre-big bang phase when the comoving horizon scale 
is given by rj s = —l/k s can be given, from Eqs. (JGS" 
and d65|), as 



g(N) 
Pi + 1/2 



Hi 

2n 



An; 



(67) 
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FIG. 2. The spectral tilts, Am, for all six axion fields as a 
function of £i when tan £2 = —y/2. 



where the expression for C(|pj|) is given in Eq. ( |63| ) and 
the Hubble rate in the axion frame is given by 



H. 
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(68) 



The Hubble rate in the axion frame can also be related 
to H, the expansion rate in the Einstein frame, via 



- _ 2(pi + l/2) 



(69) 



Assuming that modes remain frozen-in on large scales 
{\krj\ <C 1) during the uncertain transition from pre to 
post big bang phase [E5 15 16], then the energy density 



contributed by massless axion perturbations in the Ein- 
stein frame can be estimated as 



Pi 



a 2 2n 2 



(70) 
(71) 



Although massless axion fields never come to domi- 
nate the total energy density in the universe, they do 
contribute a perturbation to the density when a given 
scale re-enters the cosmological horizon 
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where the total energy density during the radiation or 
matter dominated era is given by ptotai — 

3H 2 /k 2 . An 

analysis of the effect of this perturbation to the overall 
density during the radiation and matter dominated eras, 
and hence to the spectrum of anisotropies in the cos- 
mic microwave background, is calculated in Refs. [jll],|l2j . 
Note that all the different axion fields have the same am- 
plitude for modes crossing the Hubble scale at the start of 
the post big bang era, k « k s , set by the ratio of the max- 
imum Hubble rate at the end of the pre big bang to the 
Planck scale k 2 H 2 . In the simplest scenario of a sudden 



transition to the post big bang phase where the dilaton 
and moduli are fixed, this gives k 2 H 2 w w 10 -2 yield- 
ing the expression given in Eq. (|l|). On larger scales the 
amplitudes of the different axion fields is then fixed en- 
tirely by the different spectral tilts, with the field with 
the minimum tilt yielding the largest density perturba- 
tion. If Art,; < for any of the axion fields then the 
density perturbation given by Eq. ([72]) diverges on large 
scales. 

A key question then is whether it is possible to main- 
tain blue spectral indices (Art* > 0) for all the axion 
fields for any values of £1 and £2- Figure [I] shows the 
spectral indices for solutions restricted to the SL(3,R) 
dilaton-moduli- vacuum solutions where £2 = 0, in which 
case it has previously been shown E3] that there are no 
values of £1 for which An., > for all i. 

We define An* = min(Ani, An2, . . . , Ang) to be the 
smallest of all the spectral indices for a given value of 
(£,i,£,2)- Figure [| shows that there is a finite region 
of parameter space for which An* > 0. We find the 
maximum value of An* occurs for £1 = 7r/4 or 37r/4 
and tan £2 = — V% (shown in Fig. ^ where we obtain 
An* = 3 — \/6 — 0.55). Table 1 shows the previously 
calculated maximum values for An* for other SL(n,R) 
groups. The maximum allowed spectral tilt gets pro- 
gressively larger (bluer) as the symmetry group gets 
larger. Since the larger groups always contain the pre- 
vious groups we see that it is indeed possible for all the 
axion fields to have blue spectral indices in SL(n,R) non- 
linear sigma models where n > 4. On the other hand 



Symmetry Group 


maximum An* 


SL(2,R) 
SL(3,R) 
SL(4,R) 


-0.46 


0.55 



TABLE I. Summary of maximum allowed value of An* for 
successive SL(n,R) groups. 

requiring all the spectral indices to be positive represents 
a restriction on the allowed initial conditions. 

We have focused our discussion on the cosmological 
perturbations induced by an effectively massless axion 
field proposed in Ref. pJj ], in which case the primor- 
dial axion perturbation spectra can be directly related 
to seed density perturbations. If the axions become non- 
relativistic during the radiation-dominated era then the 
overall amplitude of perturbations is increased by a factor 
(rn/i7 cq ) 1/2 |Hjm|], where the Hubble rate at matter- 
radiation equality is _ff C q ~ 10 _27 eV. If any of the primor- 
dial axion spectra have a negative spectral tilt, An^ < 
(as occurs in a large regime of parameter space shown in 
Fig. ||) then the only way to suppress the large-scale den- 
sity perturbation appears to be for the axion to acquire 
a periodic potential where large field fluctuations may 
have a small effect on the energy density [p7l . In such a 
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FIG. 3. Contour plot of the minimum value of all six spec- 
tral indices, An*, as a function of integration constants £1 
and £2. The solid line is the contour An* = 0, and dotted 
lines represent contours for An* < 0, where at least one of 
the axion spectral indices is negative. 



scenario, the massive axion could be a novel form of dark 
matter and lead to a very different model for large-scale 
structure formation ]2S|j . 

Finally, we note that the presence of non-trivial back- 
ground axion fields in the general solutions of the full 
SL(2,R) and SL(3,R) symmetric axion-dilaton-moduli 
cosmologies restricts the allowed asymptotic vacuum 
state |2^j2^,^]. The effect of the background axion 
fields upon the perturbation spectra has only been calcu- 
lated for a single axion field where the perturbation spec- 
tra remain invariant under SL(2,R) transformations of 
the background solutions • The cosmological per- 

turbation spectra in axion-dilaton-moduli solutions with 
more degrees of freedom remain to be investigated. 
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